The MIC-Kepler problem, an extension of the Kepler problem, is known to admit the symmetry group SU (2) × SU (2) or SL(2, C), according as the energy is negative or positive. In general, each of co-adjoint orbits of a Lie group carries the canonical symplectic form called the KKS form, and a Hamiltonian dynamical system is defined on it if a suitable Hamiltonian is given. Perturbed MIC-Kepler problems can be treated in this setting if a perturbed Hamiltonian in normal form is determined according to whether the energy is negative or positive. Since the co-adjoint orbit in question can be viewed as a symplectic leaf of the associated Lie algebra su(2) ⊕ su(2) or sl(2, C) according as the energy is negative or positive, the perturbed MIC-Kepler problems in normal form can be described in the Poisson mechanics defined on respective symmetry Lie algebras. Thus, the equations of motion for perturbed systems can be described in the form of Poisson brackets for both cases of su(2) ⊕ su(2) and sl(2, C) on an equal footing. It will be shown further how two parameters assigning a co-adjoint orbit of SU (2) × SU (2) or SL(2, C) are related to the parameters contained in the MIC-Kepler problem. The perturbation of the MIC-Kepler problem to be treated in this article is rather restricted to that caused by the presence of weak constant electric and magnetic fields orthogonal to each other. When regularized, the perturbed Hamiltonians at both positive and negative energies are put in Birkhoff-Gustavson normal form and thereby the flows generated by the perturbed Hamiltonians are studied in Poisson mechanics in terms of variables associated with constants of motion for the MIC-Kepler problem.
Introduction
As is well known, according to a book of Guillemin and Sternberg [1] , the "completed" space of orbits for the Kepler problem of negative energy is topologically S 2 × S 2 . Then, an integrable approximation to a perturbed Kepler problem of negative energy should be defined to be a dynamical system on S 2 × S 2 . Since S 2 × S 2 is a co-adjoint orbit of the symmetry group SO(4) (or its covering group SU (2) × SU (2)) for the Kepler problem of negative energy, it admits a canonical symplectic structure (the KKS form [2] ), which is shown to be a restriction of the Poisson structure on so(3) ⊕ so(3) ∼ = so (4) . Within this framework, a number of studies have been done for perturbed Kepler problems of negative energy with emphasis on monodromy associated with an energy-momentum mapping (see [3] and references therein). The perturbation of the hydrogen atom (or the Kepler problem) caused by small static electric and magnetic fields orthogonal to each other is studied in [4] [5] [6] . The perturbations caused by small constant electric and magnetic fields which are non-orthogonal to each other are also studied in [7] [8] [9] [10] [11] .
The idea on treatment of perturbed Kepler problems in a similar way to that mentioned above can be applied for perturbed Kepler problems of positive energy as well. As is expected, any integrable approximation to a perturbed Kepler problem of positive energy should be described on a co-adjoint orbit of the symmetry group SL(2, C), a covering group of SO 0 (3, 1). In [12] , one of the authors studied the symmetry of the MIC-Kepler problem, an extension of the Kepler problem, from the viewpoint of a dynamical group U (2, 2) and showed that its symmetry group is realized as a subgroup isomorphic to SU (2) × SU (2) , SL(2, C), or SU (2) R 3 , according as the energy is negative, positive, or zero, where MIC is an abbreviation of McIntosh-Cisneros [13] . In addition, the above-mentioned idea on treatment of perturbed MIC-Kepler problems was stated in Sec. 7 of [12] but not performed then.
From the viewpoint of the symmetry group associated with an unperturbed dynamical system, the MIC-Kepler problem is preferable to the Kepler problem. This is because the co-adjoint orbits of the symmetry group SU (2) × SU (2) or SL(2, C) are assigned by two parameters, with which the two parameters of the MIC-Kepler problem are related, but the Kepler problem has one parameter only, where the two parameters of the MIC-Kepler problem are the strength of the attractive potential and the strength of the monopole field (or the strength of the repulsive potential) and the parameter of the Kepler problem is of course the strength of the attractive potential. The monopole might sound unrealistic in the ordinary sense, but the monopole field is rather natural. In fact, in the regularization of the Kepler problem, one uses the so-called KS-transformation, which is viewed as a realization of the projection map of the SO(2) bundleṘ 4 → appear when they are perturbed. For example, the leading term of the perturbed MIC-Kepler Hamiltonian in BG normal form is shown to be an extension of that for the perturbed Kepler problem [3] . It will be shown that the Hamiltonian flow generated by the leading term for the perturbed Kepler problem is periodic, but that for the perturbed MIC-Kepler problem is not periodic in general. The organization of this article is as follows: Sections 2 to 4 are reviews from [12] . Section 2 is a setting up for the MIC-Kepler problem which is defined as a reduced Hamiltonian system by a U (1) action. Section 3 is concerned with the group U (2, 2) and its subgroups SU (2) × SU (2) and SL(2, C), which are (covering groups of) the symmetry groups for the MIC-Kepler problem of negative and positive energies, respectively. Interrelations among components of the momentum map associated with U (2, 2) are given explicitly, which will be used in Sec. 5 in describing Poisson mechanics on the Lie algebras su(2) ⊕ su (2) and sl(2, C). Section 4 deals with the reduction of the phase space
by the groups U (1) × U (1) and U (1) × R, where the first factor U (1) of these product groups is associated with the so-called KS-transformation and the latter factors U (1) and R denote the one-parameter groups generated by the Hamiltonian flows for the harmonic oscillator and for the repulsive oscillator, respectively. These Hamiltonian flows can be assigned to those for the MIC-Kepler problem at negative and positive energies, respectively. Section 5 contains dynamics on the co-adjoint orbits of SU (2) × SU (2) and of SL (2, C) . Hamiltonian systems on the respective co-adjoint orbits can be treated in Poisson mechanics on the Lie algebras su(2) ⊕ su(2) and sl(2, C), respectively. It is of great use to make R 6 into Lie algebras endowed with exterior products ∧ ∓ so as to be isomorphic with respective Lie algebras; (su(2) ⊕ su(2), [·, ·]) ∼ = (R 6 , ∧ − ) and (sl(2, C), [·, ·]) ∼ = (R 6 , ∧ + ), where the superscripts ± are associated with the sign of the energy of the MIC-Kepler problem. Then, dynamics on the co-adjoint orbits can be described in terms of vectors in R 6 in Poisson mechanics formalism with Casimir functions. In Section 6, interest centers on the perturbation of the MIC-Kepler problem with emphasis on the expansion of perturbed Hamiltonians in BG normal form. The perturbation is caused by the presence of a weak constant electric and magnetic fields orthogonal to each other. In Section 7, the leading terms of the perturbation are mainly treated in the equations of motion for the perturbed systems. When the flows generated by the leading terms in the cases of negative and positive energies are periodic, the averaging of higher-order terms along the flow is touched upon as well. Section 8 is for concluding remarks together with a list of frequently used symbols.
Setting up
We make a brief review of the MIC-Kepler problem after [12] with emphasis on iso-energetic orbit spaces.
SO(2) reduction
This subsection shows that the so-called Kustaanheimo-Stiefel (KS) transformation is a realization of a reduction procedure with SO (2) . 
The SO(2) acts on (T * Ṙ4 , dθ) symplectically in the manner
(x, y) → (T (t)x, T (t)y), t ∈ R,
where
Let so(2) denote the Lie algebra of SO (2) . The momentum map Φ : T * Ṙ4 → so(2) * associated with the SO(2) action is defined through
where ⟨·, ·⟩ denote the paring, and where ξ M is the infinitesimal generator defined on M = T * Ṙ4 for ξ ∈ so(2) by
Since so * (2) ∼ = R, the Φ(x, y) is viewed as a real-valued function and proves to take the form
Since the SO(2) action is free and proper, the quotient space Φ −1 (µ)/SO (2) becomes a manifold. Let
be the natural projection and the inclusion map, respectively. The (T * Ṙ4 , dθ)
reduces to the symplcetic manifold (
The reduced phase space Φ −1 (µ)/SO(2) is shown to be diffeomorphic to T * Ṙ3 , which is realized through the Kustaanheimo-Stiefel (KS) transformation,
along with the relations 
where (r k , p k ) ∈Ṙ 3 × R 3 with k = 1, 2, 3 and
In terms of (r k , p k ), the reduced symplectic form σ µ is put in the form
As was mentioned in Introduction, the second term of the right-hand side of the above equation is µ times the curvature of the canonical connection for the SO(2)
The conformal Kepler problem is a dynamical system (T * Ṙ4 , dθ, H c ), where H c is the Hamiltonian defined by
and where κ > 0 is a constant. Since this Hamiltonian system is SO(2) invariant, it is reduced to a Hamiltonian system (T * Ṙ3 , σ µ , H µ ), which is called the MIC-
Kepler problem [20] , where H µ is defined through π * µ H µ = ι * µ H c and expressed in terms of (r k , p k ) as
We note here that the parameter µ (or µ 2 /8) serves as the strength of the repulsive potential, which is a natural consequence of the fact that µ is the conserved angular momentum associated with the SO(2) symmetry. The conformal Kepler problem is closely related with the harmonic oscillator, the repulsive oscillator, and a free particle. To see this, we introduce the Hamiltonians defined on R 4 × R 4 by
where λ is a positive parameter. Hamiltonians A λ , R λ , F are related to H c by 4ρ
4ρ
From the above equations, we have three types of energy manifolds for H c ,
Strictly speaking, the left-hand side is not exactly equal to the right-hand side in the above equation, because H
c (E) can be completed so that the above equation may hold for a fixed value of E < 0, E > 0, or E = 0. In other words, we can take into account a singular point r = 0 as long as the total energy E is conserved at r = 0 as well.
The Hamiltonian flow of H c on H
−1
c (E) corresponds to the Hamiltonian flow of A λ , R λ , or F, depending on whether the energy is negative, positive or zero;
The respective energy manifolds for the conformal Kepler problem project to those for the MIC-Kepler manifold through the projection π µ ;
From (15) µ (E) can be looked on as that projected from exp(tX A λ ), exp(tX R λ ), or exp(tX F ), according to whether the energy is negative,
We denote the one-parameter groups expressed as exp(tX A λ ), exp(tX R λ ), and exp(tX F ), by SO(2), R, and R, respectively. Consequently, we obtain the following proposition.
Proposition 2.1
The iso-energetic orbit space for the MIC-Kepler problem is given by
Since the topology of H
−1
µ (E)/{exp(tX Hµ )} depends only on the sign of E, we are allowed to put λ = 1 in studying the symmetry of the MIC-Kepler problem.
U (2, 2) as a dynamical group
As SU (2, 2) or SO(4, 2) is known as a dynamical group for the MIC-Kepler problem, we study U (2, 2), taking into account the SO(2) action (2) associated with the KS transformation, after [12] .
The group U (2, 2) and its momentum map
This subsection deals with the momentum map associated with U (2, 2) together with its components expressed explicitly.
We introduce a complex vector space structure on R 4 ×R 4 through the bijection
We note here that since w is a column vector the product, wdw * , of w and the Hermitian conjugate dw * of dw forms a matrix. From the definition of Θ, we
where the θ is the standard one-form given in (1) . With this in mind, in what follows we take (C 4 , dΘ) as our symplectic space in place of (T * R 4 , dθ).
The SO(2) action given in (2) can be rewritten as a diagonal action of
and the momentum map Φ given in (3) as
In what follows, we refer to the SO(2) action (2) as the U (1) action. Now we consider the group
where M 4 (C) denotes the space of 4 × 4 complex matrices. The U (2, 2) action on C 4 is symplectic and preserves the momentum map Φ, as is easily verified from Eqs. (20) and (23) . Note that the U (1) given in (22) is a subgroup of U (2, 2). Let u(2, 2) denote the Lie algebra of U (2, 2), which is endowed with the inner product defined as
Through this inner product, the dual space u(2, 2) * is identified with u(2, 2). We can define the momentum map associated with the U (2, 2) action,
where iξ ∈ u(2, 2), P = C 4 , and where iξ P is the infinitesimal generator defined
Through (26) , the momentum map iJ is expressed as
We take a basis, {ie ℓ }, ℓ = 0, 1, · · · , 15, of u(2, 2) as follows:
where σ 0 is the 2×2 identity matrix and σ j , j = 1, 2, 3, are the Pauli spin matrices. Note that u(2, 2) ∼ = u(1)⊕su (2, 2) and that e 0 is a base of u (1) and that e 1 , · · · , e 15 form a basis of su(2, 2). The components J ℓ = γ(e ℓ , J), ℓ = 0, 1, · · · , 15, of the momentum map iJ are expressed as
and where ⟨, ⟩ denotes the Hermitian inner product on C 2 .
Symmetry groups for the MIC-Kepler problem
In this subsection, symmetry groups for the MIC-Kepler problem are shown to be realized as subgroups of U (2, 2). The associated symmetry algebras are also given, to which constants of motions are assigned together with relations among them.
As is already mentioned in Introduction, the symmetry group for the zeroenergy is not reviewed here. We start by noting that among J ℓ there are functions of special interest. The first one is
Further, we find that the Hamiltonians for the harmonic oscillator and for the repulsive oscillator are members of J ℓ ;
where A 1 and R 1 are the Hamiltonians for the harmonic oscillator and the repulsive oscillator, respectively (see (12) with λ = 1). The Hamiltonian flows associated with Hamiltonians (31) determine one-parameter groups acting on C 4 ,
respectively, where e 1 and e 8 are the 4 × 4 matrices given in (27). These groups are isomorphic to U (1) and R, respectively, and commute with the U (1) action given in (2) or (22) , since [e 0 , e 1 ] = [e 0 , e 8 ] = 0. The symmetry groups for the Hamiltonians (31), which are subgroups of SU (2, 2) that commute with (32), turn out to be, respectively,
Since the groups G − and G + commute with the U (1) given by (22) , their actions project to those on the respective reduced energy manifolds, (A −1 
respectively. The Lie algebra G − has a basis {ie j+1 , ie j+4 }, j = 1, 2, 3, to which the functions J j+1 , J j+4 , j = 1, 2, 3, are associated. We note that they are related by
and that the left-hand sides of the above equations are constant on the intersection A
The Lie algebra G + has a basis {ie j+1 + ie j+4 , ie j+8 }, j = 1, 2, 3, to which the
, are associated together with the relations
where the left-hand sides of the above equations are constant on the intersection R −1
In a summary, we have the following proposition.
Proposition 3.1 Among subgroups of U (2, 2), the groups U (1)×U (1) and SU (2)× SU (2), which commute to each other, are associated with the MIC-Kepler problem of negative energy. The group U (1)×U (1) has the corresponding momentum map given by Φ⊕A 1 or 2J 0 ⊕2J 1 , and the group SU (2)×SU (2) serves as the symmetry group, whose momentum map has the components J j+1 , J j+4 , j = 1, 2, 3, together with two mutual relations given in (35). With the MIC-Kepler problem of positive energy, associated are the groups U (1) × R and SL(2, C), which commute to each other. The group U (1)×R has the corresponding momentum map given by Φ⊕R 1 or −2J 0 ⊕ 2J 8 , and the group SL(2, C), serving as the symmetry group, has the associated momentum map which has the components J j+1 +J j+4 , J j+8 , j = 1, 2, 3, together with two mutual relations given in (36). Here the expressions of J k are given in (28).
Reduction by U (1) × U (1) and U (1) × R
In this section, after [12] we treat the reduction of C 4 by two product groups; (i)
, the product of (22) and (32a), (ii) U (1) × R, the product of (22) and (32b). The associated momentum maps are expressed as (i) Φ ⊕ A 1 and (ii) Φ⊕R 1 , respectively (see Prop. 3.1). Since the symmetry groups SU (2)×SU (2) and SL(2, C) commute with U (1) × U (1) and U (1) × R, respectively, these symmetry groups acts on the respective reduced phase space.
Iso-energetic orbit space M − µ,κ at a negative energy
This subsection shows that the iso-energetic orbit space H
−1
µ (E)/{exp tX Hµ } for the MIC-Kepler problem of negative energy is realized as a co-adjoint orbit of the symmetry group SU (2)×SU (2). According to Prop. 2.1, we start by reducing the phase space C 4 by the action of the group U (1) × U (1). We denote the reduced
, and call it an iso-energetic orbit space.
Let ι − µ,κ and π − µ,κ be the inclusion map and the natural projection, respectively;
The symplectic form σ
In the below, we will realize M − µ,κ as a (co-)adjoint orbit of the symmetry group
which induces the inner product on G − , and thereby G − and its dual are identified.
The function (26) 
From (39) and (40), the momentum map associated with
is expressed as
together with
where u and v are column vectors given in (29) and then the symbols uu * and vv * denote 2 × 2 complex matrices. As is easily verified,
is Ad-equivariant with respect to G − and invariant with respect to U (1) × U (1);
we can easily show that
It then follows that
This implies that the image of A −1
Any co-adjoint orbit is endowed with a symplectic form, called the Kirillov-
Hermitian matrices, and where iξ Q and iη Q are the infinitesimal generators of the (co-)adjoint action on Q := G − defined by
We can prove thatK
We come to the following proposition. 
Iso-energetic orbit space M + µ,κ at a positive energy
In this subsection, the iso-energetic orbit space H
−1
µ (E)/{exp tX Hµ } for the MICKepler problem at a positive energy is realized as a co-adjoint orbit of the symmetry group SL(2, C). Our task is to reduce the phase space C 4 by using U (1)×R, the product of (22) and (32b). The resultant phase space (R −1 
For iξ, iη ∈ G + , the inner product (25) is restricted to induce
which equips G + with an inner product, and thereby G + and its dual are identified.
Further, for iξ ∈ G + , the function (26) turns into
From (53) and (54), the momentum map associated with G + ∼ = SL(2, C),
As is verified straightforward, K + is Ad-equivariant with respect to G + and invariant with respect to U (1) × R;
Let w 0 be a fixed point of R −1
.
Then, we can easily show that
From (57b) and (58), it follows that
This implies that the image of R −1
The KKS form on the (co-)adjoint orbit O + is defined at ν ∈ O + to be
where iν, iξ, iη ∈ G + , and where iξ Q and iη Q are the infinitesimal generators on
respectively. Since K + is U (1) × R invariant, it projects to the map
The above discussion is summarized as follows: 
Co-adjoint orbits in G ∓
In Secs. Let
Since iO − and iO + can be put in the form
respectively, iO ∓ are (co-)adjoint orbits of G ∓ and are submanifolds of G ∓ , respectively. Clearly, the iO
respectively, where iξ Q (iν), iη Q (iν) are infinitesimal generators defined by (47) or (61), and where γ ∓ are defined in (39) and (53), respectively.
It is shown in [12] that
where ν = K ∓ (w). If iξ P (w) and iη P (w) are taken in place of ξ P (w) and η P (w), respectively, Eq.(66) along with the definition of ω ∓ and Ω ∓ is brought into
Since iK
in the same manner as in [12] . 
Poisson Structures on R
, is the basis of u(2, 2) given in (27). The commutation relations among b
and
respectively. For the bases {b − j } j=1,··· , 6 and {b ··· ,6 , the inner products among them are expressed as
respectively, where δ jk is Kronecker's delta. Let {f j } j=1,2,··· ,6 denote the standard basis of R 6 . We define vector space
respectively. Then, the isomorphisms λ ∓ give rise to product structures
which means that both of the λ ∓ are Lie algebra isomorphisms; (
To describe the wedge products ∧ ∓ in a convenient manner, we regard R 6 as the direct product R 3 × R 3 and express an element x of R 6 as
It is straightforward to show the following proposition.
Proposition 5.1
The exterior products ∧ ∓ defined on R 6 by (72) are expressed
respectively, where x j , y j ∈ R 3 , j = 1, 2, and × denotes the standard vector product on R 3 .
The (R 6 , ∧ ∓ ) are endowed also with the inner products Γ ∓ by
The inner products Γ ∓ are shown to be explicitly expressed as
respectively, where ⟨, ⟩ denotes the standard inner product on R 6 . Thus, we have verified the following proposition.
Proposition 5.2
The λ ∓ are isometries as well as Lie algebra isomorphisms;
We are now in a position to formulate Poisson structures on R 6 . In what follows, we use the symbol q rather than x to denote the variable in R 6 . The
Poisson brackets {, } ∓ are defined for functions on R 6 through
respectively, where F and G are functions of q ∈ R 6 and where ∇ denotes the standard gradient operator.
The Poisson tensors associated with the Poisson structures {, } ∓ are given by
and can be written out as
where X 1 (q) and X 2 (q) are 3 × 3 matrices defined by 
respectively, where q = ( We omit the proof, which is performed by a straightforward calculation.
Symplectic leaves of R 6
We shall show that the Poisson submanifolds determined by the Casimir functions C ∓ j can be identified with the (co-)adjoint orbits iO ∓ endowed with the KKS-forms Ω ∓ . Choosing suitable constants, we define two Poisson submanifoldsM
respectively, where χ ∓ j (µ, κ), j = 1, 2, are constants given by 
Similarly, in the case of G + , for any point ip ∈ iO + ⊂ G + , there exists a point
Since J j+1 (w) and J j+4 (w) are subject to the constraints (35), and J j+1 (w) + J j+4 (w) and 2J j+8 (w) subject to (36), the iK − (w) and the iK + (w) are mapped
, respectively, on account of the fact that Φ = 2J 0 = µ, A 1 = 2J 1 = 4κ, and 
where σ j denote the Pauli spin matrices. Then, all the (co-)adjoint orbits of SL(2, C) are known to be given by det
(We will make a remark on this mapping in the concluding section.) On setting z = q 1 + iq 2 , the defining equations (
Thus, we see thatM We study the symplectic geometry ofM ∓ µ,κ , respectively. We proceed to express symplectic forms to be defined naturally on the manifoldsM ∓ µ,κ . As is easily verified, the tangent spaces toM
respectively. As for tangent vectors, we give the following proposition without describing the proof, since it runs in a straightforward manner. In order to describe the symplectic structures naturally defined onM ∓ µ,κ , we introduce the operator † :
It is straightforward to show the following.
Proposition 5.6
For arbitrary x, y, z ∈ R 6 , we have
where the superscript * indicates the Hermitian conjugate.
We proceed to the symplectic forms ω
respectively, where Ω ∓ are the KKS-forms given in Eq.(65).
Proposition 5.7 For the tangent vectorsξ
withξ,η ∈ R 6 , the symplectic forms ω ∓ R are evaluated and expressed as
respectively.
, and ν = λ ∓ (ν). Since λ ∓ are Lie algebra isomorphisms, the left-hand sides of (90) and the definition (89) are put together to be brought into
We note here that
Then, from the definitions (65) and (74), the right-hand side of Eq. (91) becomes
respectively. This ends the proof.
Now we are in a position to describe Hamiltonian vector fields with respect to the symplectic forms ω 
Owing to Prop.5.5, we can put
Though 
where ∇ denotes the usual gradient operator for functions on R 6 , and where we have used the fact that dH(B ∧ ∓ q) = dh(B ∧ ∓ q), which is easily verified. In a similar manner, we have
Comparing both sides of Eqs.(93) and of (94), we obtain the Hamiltonian vector fields X ∓ h , which are given in the following proposition.
Proposition 5.8 For a Hamiltonian h onM
∓ µ,κ , the associated Hamiltonian vector fields X ∓ h take the form
respectively, where H is a smooth extension of h.
In terms of Hamiltonian vector fields, Poisson brackets {, }M∓
where X f and X g are the Hamiltonian vector fields associated with functions f and g onM ∓ µ,κ , respectively; X f ⌋ω 
respectively, where H is an extension of the Hamiltonian h onM 
where ∇ q 1 and ∇ q 2 are the usual gradient operators with respect to q 1 and q 2 , respectively, and where H is a smooth extension of a Hamiltonian onM ∓ µ,κ .
Poisson mechanics on R 6
We show that Hamilton's equations of motion, (98) or (99), are put in the form of Poisson's equations of motion. Let F : R 6 → R be a scalar-valued function and G : R 6 → R 6 be a vector-valued function on R 6 , which is expressed as 
Theorem 5.11 Let F : R 6 → R be a function. Then, the vector-valued Poisson brackets of F and q ∈ R 6 are put in the form
respectively. If q is restricted toM 
Proof Let {e j } j=1,2,3 be the standard basis of R 3 and let ⟨, ⟩ be the standard inner product on R 3 . By the definition (77a) along with q = (q k ) =
, are written out as
where j = 1, 2, 3, and where ∇ q 1 and ∇ q 2 are the gradient operators with respect to q 1 and q 2 , respectively. From Eqs. (103) and (104), we obtain for q =
As for the Poisson bracket {, } + , the definition (77b) along with q = (q k ) = ( q 1 q 2 ) ∈ R 6 yields the Poisson brackets between F and q k , k = 1, 2, · · · , 6, in a similar manner as above,
Equations (102) (98) can be put in the form
Here we have to note that since the Casimir functions C 
Dynamics on the iso-energetic orbit spaces
In view of the existence of the Casimir functions C ∓ j , we may regard the equations of motion (99a) and (99b) as defined on R 6 without the restriction toM
respectively. Then, the equations of motion (99a) and (99b) are rewritten in terms of 
respectively. On the other hand, we can easily verify that the left-hand sides of (108) and (109), 
In the same manner, L
, are described as
We note here that L and 4H c in the K + , respectively, before reduction procedure (see also [4, 6] ).
Thus, we have obtained the equations of motion on the iso-energetic orbits spaces at negative and positive energies for the MIC-Kepler problem. (79) takes the same form as that given in [6] . However, the equations expressed in terms of L + and K + are new. A point to make here is that the equations of motion in both cases are obtained on an equal footing.
Perturbation in normal form
In this section, we discuss the perturbation of the harmonic and the repulsive oscillators on R 4 × R 4 , which is related with the perturbation of the conformal
Kepler problem and further with the perturbation of the MIC-Kepler problem if projected on the iso-energetic orbit spaces M ∓ µ,κ . Though the perturbation by small constant electric and magnetic fields which are not orthogonal to each other is already studied [7] [8] [9] [10] [11] , the small electric and magnetic fields to be treated below are restricted to those orthogonal to each other for simplicity.
A perturbed MIC-Kepler problem
In the presence of constant magnetic and electric fields [4] , the Hamiltonian of a perturbed MIC-Kepler problem is expressed as
where G and F are the constant magnetic and electric field vectors orthogonal to each other, respectively, and where r = (r k ) ∈ R 3 .
We take the Cartesian coordinates (r k ) of R 3 in such a manner that G and F are expressed as G = (G, 0, 0)
where ε is a small parameter. Then, the perturbation term given in (110) becomes
In order to work with H (ε) µ , we wish to view it as a reduced Hamiltonian from that for a perturbed conformal Kepler problem. To this end, we define a perturbation function N
Then, we obtain a perturbed conformal Kepler problem (T * Ṙ4 , dθ, H
In view of the relation (13) between the conformal Kepler problem and the harmonic and the repulsive oscillators, we define Hamiltonians for perturbed harmonic and repulsive oscillators to be
respectively, where A 1 and R 1 are the harmonic and the repulsive oscillator Hamiltonians with λ = 1, respectively, and where
Then, Eqs.(13a) and (13b) with λ = 1 are perturbed to be brought into
respectively, where the perturbation of (13c) is outside our scope. Thus, according to the sign of the energy, the perturbed conformal Kepler problem is associated with the perturbed harmonic and repulsive oscillators. Further, a calculation shows that the perturbation term N (ε) c multiplied by 4ρ is put in the form
We note that 4ρN
is a polynomial in (x j , y j ), j = 1, 2, 3, 4, whose degree is greater than or equal to four, and further that it is invariant under the SO(2) action (2). This implies that 4ρN
reduces to a function on T * R 3 .
Perturbed Hamiltonians in BG normal form
We apply the method of the Birkhoff-Gustavson (BG) normal form [16] [17] [18] [19] to the perturbed Hamiltonians (114). Though the method is originally applied to perturbed harmonic oscillators, it can be extended so as to be applicable to perturbed repulsive oscillators. By means of canonical transformations, (x, y) → (ξ, η), we can transform the perturbed harmonic and repulsive oscillator Hamiltonians into those in BG-normal form up to degree r in (ξ, η) as follows [21] [22] [23] :
and where G ∓ k , k = 3, 4, · · · , r, are homogeneous polynomials of degree k in (ξ, η), which satisfy
We notice here that the first conditions {Φ, G 
Normal form calculation on Maxima
Calculation for BG-normal form Hamiltonians A (ε) and R (ε) is performed on Maxima. In this subsection, we give the result of BG-normal form calculation performed on Maxima up to degree 6, which is described in terms of J ℓ . Let A (ε) (ξ, η), R (ε) (ξ, η) be BG normalized Hamiltonians up to degree 6. If we
then the BG normalized Hamiltonians A (ε) and R (ε) can be put in the form
where A k , R k , k = 4, 6, are homogeneous polynomials of degree k in (ξ, η).
Since the canonical transformation (x, y) → (ξ, η) is determined for a small value of the perturbation parameter ε, we may look on ξ j , η j as
so that
In what follows, we give the explicit expression of the perturbation term in BG normal form. In the case of the perturbed harmonic oscillator, Maxima provides us with polynomials A k , k = 4, 6, which can be described in terms of J j+1 , J j+4 , j = 1, 2, 3, as
On setting J 0 = (1)).
In the case of the repulsive oscillator, the polynomials R k , k = 4, 6, prove to be written in terms ofJ k+1 := (J k+1 + J k+4 )/2, J k+8 , j = 1, 2, 3, as follows:
Setting J 0 = 1 2 µ and J 8 = −2κ, we obtain the perturbed Hamiltonian R (ε) defined on the iso-energetic orbit space M
Perturbed MIC-Kepler problems in normal form
We now show that the perturbed Hamiltonians A (ε) and R (ε) can be viewed as
Hamiltonians on the reduced iso-energetic orbit space M ∓ µ,κ for the perturbed MIC-Kepler problem at negative and positive energies, respectively. Let
be the unperturbed Hamiltonian expressed in terms of ξ and η. Then, it is related to A and R by 4ρ
respectively. In the case of the harmonic oscillator, the Poisson bracket of H c and each of the perturbation terms G − k is written out as 
This implies that G
A remaining task we have to do is to check whether the A (ε) and R (ε) give rise to perturbations of the MIC-Kepler problem in normal form at negative and positive energies, respectively. If the perturbation parameter ε is small, the BG-normal form Hamiltonians A (ε) , R (ε) given in (118a), (118b) are good approximations to A (ε) and R (ε) , respectively, that is,
According to the sign of the energy, we may define a perturbed Hamiltonian H (ε) c to be
The Hamiltonian H are fixed. We now ask if the energy value may be varied in such a manner that a perturbed Hamiltonian and the original Hamiltonian Poisson-commute. If perturbed, the energy of the system may change accordingly. Introducing a parameterλ > 0, we put the energy change in the form
We note that if ε = 0 then the increment of energy is zero, ∆E = 0, andλ is unchanged,λ = 1. In place of (114), the perturbed harmonic and repulsive oscillators may be defined to be
respectively, and they are transformed, in the same manner as in (118a) and (118b), into A
respectively, where A and {Rλ, R (ε) λ } = 0, respectively. We compare two energy manifolds given, respectively, by
and those given, respectively, by
The energy manifolds given in (137) (resp. in (138)) are different from each other, but when ε = 0, they coincide with each other. Since the deformation is smooth inλ and ε for ε small enough, the difference between the energy manifolds given in (137) (resp. in (138)) should be small, and there should exist diffeomorphisms
which satisfy
respectively. Note that if ε = 0 then ψ
) becomes the identity map on A −1 (4κ) (resp. R −1 (4κ)), and if ε is small enough, then ψ − λ (resp. ψ
In the positive-energy case, we can show in the same manner as above that
The above calculation implies that ifλ = 1 the right-hand sides of (143) We here remark that this theorem is independent of the choice of perturbations.
Poisson mechanics for perturbed systems
In this section, we apply the Poisson mechanics to the perturbed Hamiltonians obtained in Sec. 6.
Hamiltonian flows generated by leading terms
Since the perturbed Hamiltonians A (ε) and R (ε) are put in the form (122a) and (122b), respectively, we are interested in the first perturbation term A 4 and R 4 , which are the most influential terms in the perturbed Hamiltonians. In terms of L ∓ , K ∓ , the leading terms (126) and (129) can be rewritten as
respectively. Setting J 1 = 2κ, J 8 = −2κ, and J 0 = µ/2, and introducing α, β,μ, in place of the parameters (121), by
we put Eqs.(145a) and (145b) in the form
respectively, which are approximate Hamiltonians onM
β, which coincides with the result given in [6] . The equations of motion (107) for the Hamiltonian A 4 is now expressed as 
(149) The properties of the dynamical systems (148) and (149) are determined by the respective four non-zero eigenvalues of Q 1 and Q 2 , respectively. Since each ofM ∓ µ,κ is symplectic leaf in R 6 and invariant under the flow of (107), the eigenvalues of both Q 1 and Q 2 should contain two zero eigenvalues. The eigenvalues of Q 1 other than zero are given by
which are pure imaginary numbers for allμ ∈ R, |α| ≤ 1, |β| ≤ 1, where α and β are subject to the condition (146). It then turns out that the periodic orbits of the MIC-Kepler problem at a negative energy are linearly stable in the presence of week electric and magnetic fields. Ifμ = 0, then λ 1 and λ 2 coincide. This fact is known for a perturbed Kepler problem [3] with f e = 0. If α = 0 andμ = 1, then λ 1 = 0, and if α = 0 andμ = −1, then λ 2 = 0. The eigenvalues of Q 2 other than zero are
± √ −β 2μ2 + 9α 2μ2 − 2iβ 2μ + 6iα 2μ + β 2 − α 2 .
It then turns out that ifμ = 0 and if α 2 > β 2 the non-zero eigenvalues become pure imaginary numbers, which implies that a scattering orbit can be linearly stable in the presence of suitable electric and magnetic fields. For the perturbed harmonic oscillator case, after an appropriate coordinate transformation, the equations of motion (148) 
where W − = (W 
Second normal form
If the Hamiltonian flows generated by the leading terms A 4 and R 4 are periodic, higher order terms can be averaged with respect to these flows.
If the ratio λ 1 /λ 2 is a rational number, i.e., is periodic with period 2π/c. In these cases, the higher-order terms A 6 and R 6 can be averaged with respect to these flows: The term A 6 and R 6 can be averaged byÃ
and byR
respectively. The first perturbation term A 4 and the averaged HamiltoniansÃ 6 written in terms of W − is shown to be given as follows:
orbit space M − µ,κ ) for the MIC-Kepler problem at a negative energy is given by S 2 (|µ + 4κ|) × S 2 (|µ − 4κ|). For the Kepler problem with µ = 0, the radii of the spheres are the same but they are different from each other for the MIC-Kepler problem. In the cases of µ = ±4κ, one of the factor spaces becomes a singleton. In comparison with this, for the MIC-Kepler problem of positive energy, the geometric realization of the co-adjoint orbit of the symmetry group SL(2, C) is the complex two-sphere (q 1 + iq 2 ) 2 = (µ − 4iκ) 2 , which is diffeomorphic with the tangent bundle over the real two-sphere. If µ = ±4κ, then the squared complex radius (µ − 4iκ) 2 becomes pure imaginary. For the Kepler problem with µ = 0, it is real. Further, the difference between the perturbed MIC-Kepler and Kepler problems are observed in the behavior of Hamiltonian flows on the co-adjoint orbits. We see in (147) that additional terms, the terms having the coefficientμ, come into the perturbation terms A 4 and R 4 . This gives rise to difference in the nonzero eigenvalues, λ 1 , λ 2 , of the matrix Q 1 , as is seen in (150). In the case of the perturbed Kepler problem, one has λ 1 = λ 2 , but λ 1 ̸ = λ 2 for the perturbed MIC-Kepler problem. This implies that the leading term generates a periodic Hamiltonian flow for the perturbed Kepler problem, but the corresponding flow for the perturbed MIC-Kepler problem is not periodic in general, except for the case where λ 1 /λ 2 is a rational number.
Though the monodromy is studied in [3] [4] [5] [6] [7] [8] [9] [10] [11] for the perturbed Kepler problem, this article has not treated the monodromy for the perturbed MIC-Kepler problem, which will be a future problem.
In conclusion, we make a remark on the mapping z → ∑ j z j σ j defined in (86). This map is well explained in [24] , and of course used in a group representation theory by the orbit method (see [25] , for example). Further, since SL(2, C)/Z 2 ∼ = SO(3, C) and since mechanics of the top is described on a (co)adjoint orbit S 2 of SO(3), the co-adjoint orbit of SL(2, C) can carry mechanics for an extension of the top. This system is studied in the name of the SL(2, C) Euler-Arnold top (see [26] , for example).
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